In this paper we revisit the problem of determining when the heart of a t-structure is a Grothendieck category, with special attention to the case of the Happel-Reiten-Smalø (HSR) t-structure in the derived category of a Grothendieck category associated to a torsion pair in the latter. We revisit the HRS tilting process deriving from it a lot of information on the HRS t-structures which have a projective generator or an injective cogenerator, and obtain several bijections between classes of pairs (A, t) consisting of an abelian category and a torsion pair in it. We use these bijections to re-prove, by different methods, a recent result of Tilting Theory and the fact that if t = (T , F) is a torsion pair in a Grothendieck category G, then the heart of the associated HRS t-structure is itself a Grothendieck category if, and only if, t is of finite type. We survey this last problem and recent results after its solution.
Introduction
The aim of this paper is twofold. On one side we want to give a summary of the main results related with the following question: Question 1.1. When is the heart of a t-structure a Grothendieck category?
We shall mainly concentrate in the route leading to the answer to the question in the case when the ambient triangulated category is the (unbounded) derived category D(G) of a Grothendieck category G and the t-structure is the Happel-Reiten-Smalø (HRS) t-structure in D(G) associated to a torsion pair in G (see Example 2.4(2)). But we include a final short section, where we briefly summarize the main results for general triangulated categories with coproducts and t-structures. As a second goal, we want to revisit the HRS tilting process and show that it allows to prove in an easy way parts of recent results in the literature, and that, with the help of some recent notions about purity in arbitrary Grothendieck categories, one can re-prove the answer to Question 1.1 by methods completely different to those used to get the earlier answer.
All throughout the paper, unless otherwise stated, all categories will be additive. We will mainly use two types of those categories commonly studied in Homological Algebra, concretely abelian categories and triangulated categories (we refer to [S] and [N] for the respective definitions). The key concept for us is that of a t-structure in a triangulated category, introduced by Beilinson, Bernstein and Deligne [BBD] in their treatment of perverse sheaves. Roughly speaking a t-structure in the triangulated category D is a pair τ = (U, W) of full subcategories satisfying some axioms (see Definition 3 for the details) which guarantee that the intersection H τ = U ∩ W is an abelian category, commonly called the heart of the t-structure. This abelian category comes with a cohomological functor H 0 τ : D −→ H τ . In [BBD] the category of perverses sheaves on a variety X appeared as the heart of a t-structure in D b (X), the bounded derived category of coherent sheaves on X.
In several modern developments of Mathematics, as Motive Theory, the homological approach to Mirror Symmetry, Modular Representation of finite groups, Representation Theory of Algebras, among others, the role of t-structures is fundamental. For this reason it is important to know when the heart of a t-structure has nice properties as an abelian category. Vaguely speaking, one would ask: When is nice the heart of a given t-structure?. Trying to make sense of the adjective 'nice' here, one commonly uses the following "hierarchy" among abelian categories introduced by Grothendieck [G] . We say that an abelian category A is:
1. AB3 (resp. AB3*) when it has (arbitrary set-indexed) coproducts (resp. products); 2. AB4 (resp. AB4*) when it is AB3 (resp. AB3*) and the coproduct functor : [Λ, A] → A (resp. product functor : [Λ, A] → A) is exact, for each set Λ;
3. AB5 (resp. AB5*) when it is AB3 (resp. AB3*) and the direct limit functor lim − → : [Λ, A] → A (resp. inverse limit functor lim ← − : [Λ op , A] → A) is exact, for each directed set Λ. 4. a Grothendieck category, when it is AB5 and has a generator or, equivalently, a set of generators.
Grothendieck categories appear quite naturally in Algebra and Geometry and their behavior is, in many aspects, similar to that of module categories over a ring (see [S, Chapter V] ). For instance, such a category has enough injectives and every object in it has an injective envelope. Even more, by a famous theorem of Gabriel and Popescu (see [GP] , and also [S, Theorem X.4 .1]), such a category is always a Gabriel localisation of a module category, which roughly means that it is obtained from such a category by formally inverting some morphisms. This is the main reason why the study of when the heart of a t-structure is a Grothendieck category, i.e. Question 1.1, has deserved most of the attention, apart of the study of when it is a module category, that we barely touch in this paper. When one starts approaching the question, one quickly sees that it is hopeless unless some extra hypotheses are imposed on the ambient triangulated category D and/or on the t-structure τ itself. For instance, it is unavoidable to require that D has coproducts or, at least, to guarantee that coproducts in D of objects in the heart of τ always exist. On the other hand, the problem gets quite complicated if the coproduct in H τ and the coproduct in D of a given family of objects in H τ do not coincide. A way of ensuring that they coincide is to require that the t-structure be smashing, i.e. that the co-aisle W of the t-structure is closed under coproducts in D. Therefore, instead of the initial question, the following one has more hopes of being answered and has deserved a lot of attention in recent times (see Section 5):
Question 1.2. Let D be a triangulated category with coproducts and let τ = (U, W) be a smashing t-structrure in D. When is the heart of τ a Grothendieck category?
Although studied historically first, the question for the HRS t-structure is a particular case of this last question. Namely, if G is a Grothendieck category, then its derived category D(G) is the prototypical example of a triangulated category with coproducts (and also products). When a torsion pair t = (T , F ) is given in G, the associated HRS t-structure in D(G) is smashing. So restricted to this particular example, the last question is re-read as follows, and it is the main problem that we survey and re-visit in this paper: Question 1.3. Let G be a Grothendieck category, let t = (T , F ) be a torsion pair in G and let H t be the heart of the associated HRS t-structure in D(G) . When is H t a Grothendieck category?.
The organization of the paper goes as follows. In Section 2 we introduce the main concepts needed for the understanding of the paper, specially torsion pairs in abelian categories and t-structures in triangulated categories, with a look also at the HRS tilting process. It turns out that if one starts with a pair (A, t) consisting of an abelian category A and a torsion pair t, then the new abelian category obtained by tilting A with respect to t need not have Hom sets. Corollary 2.8 gives the precise conditions to get Hom sets. In Section 3 we study when the heart of (the HRS t-structure associated to) a torsion pair in an abelian category has either a projective generator or an injective cogenerator. This leads naturally to quasi-(co) tilting torsion pairs (see Proposition 3.6) in abelian categories. Then it is proved that tilting (resp. cotilting) torsion pairs in abelian categories are precisely the co-faithful (resp. faithful) torsion pairs for which the heart is AB3 (resp. AB3*) and has a projective generator (resp. injective cogenerator), see Theorems 3.7 and 3.9. As a particular case, one gets that torsion pairs given by classical 1-tilting sets (resp. objects) are precisely the co-faithful torsion pairs whose heart is the module category over a small pre-additive category (resp. over a ring). We end the section by giving a series of bijections induced by the HRS tilting process (see Proposition 3.13), some of which imply the case n = 1 a recent result of Positselski and Stovicek (see Corollary 3.15) . In Section 4 we study Question 1.3. Subsections 4.1 and 4.2 are dedicated to show the milestones of the route that led to the solution of the problem in [PS2] . Subsection 4.3 briefly summarizes recent results by Bazzoni, Herzog, Prihoda, Saroch and Trlifaj about the same question in the particular case when the torsion pair is tilting. We end the section by re-proving, using a recent characterization of the AB5 condition by Positselski and Stovicek (see [Po-St] ), the fact that if the heart of a torsion pair in a Grothendieck category is itself a Grothendieck category, then the torsion pair is of finite type. The final Section 5 shows the most recent results and the present state Question 1.2.
Preliminaries
In the rest of the paper, whenever C is an additive category and X is any class of objects, we shall denote by X ⊥ (resp. ⊥ X ) the full subcategory consisting of the objects Y such that C(X, Y ) = 0 (resp. C(Y, X) = 0), for all X ∈ X . When X = {X} for simplicity we will write X ⊥ (resp. ⊥ X) instead of X ⊥ (resp. ⊥ X ).
Unless explicitly said otherwise, in the rest of the paper the letter A will denote an abelian category.
Torsion pairs
Definition 1. A torsion pair in A is a pair t = (T , F ) of full subcategories satisfying the following two conditions:
In such case, the subcategory U is called the aisle of the t-structure, and W is called the coaisle. Note that in such case, we have W[−1] = U ⊥ and U = ⊥ (W[−1]) = ⊥ (U ⊥ ). For this reason, we will write the t-structures using the following notation (U, U ⊥ [1]). On the other hand, the objects U X and V X in the previous triangle are uniquely determined by X, up to isomorphism, so that the assignment X U X (resp. X V X ) underlies a functor τ ≤ U : D → U (resp. τ > U : D → U ⊥ ) which are right (resp. left) adjoint of the inclusion functor
, which we will still denote by τ ≤ U (resp. τ > U ) and it is called the left truncation (resp. right truncation) functor associated to the t-struture (U, U ⊥ [1]). The full subcategory H = U ∩ U ⊥ [1] of D is called the heart of the t-structure and it is an abelian category, where the short exact sequences are the triangles in D having their three terms in H. In particular, we have Ext 1
) is a monomorphism in Ab, for all objects M, N ∈ H (see [BBD, Remarque 3.1.17] ).
The kernel and cokernel of a morphism f : M → N on the heart H are computed as follow: we complete f to a triangle in D and consider the following diagram, where the row and column are triangles:
From the octahedral axiom, we obtain the following triangles in D
. Recall that if D and A are a triangulated and an abelian category, respectively, then an additive functor H : D −→ A is called cohomological
The following proposition, shown by Beilinson, Bernstein and Deligne in [BBD] , associate to each t-structure in a triangulated category, an intrinsic homology theory.
define two naturally isomorphic functors from D to H, which are cohomological. In the sequel we will fix a (cohomological) functor H 0 σ : D → H that is naturally isomorphic to those two functors.
Examples 2.4. The following examples of t-structures will be of great interest in this paper.
Let A be an abelian category for which D(A) exists i.e. D(A) has Hom
sets. For each m ∈ Z, we will denote by D ≤m (A) (resp. D ≥m (A)) the full subcategory of D(A) consisting of the cochain complexes X such that H k (X) = 0, for all k > m (resp. k < m). Moreover, we put
for any integers a and b. Then, the pair (D ≤m (A), D ≥m (A)) is a t-structure in D(A) whose heart is equivalent to A. The corresponging left and right truncation functors will be denoted by τ ≤m : D(A) → D(A) and τ >m : D(A) → D(A), respectively. For the case m = 0, the corresponding t-structure is known as the canonical t-structure in D(A). 
(Happel-Reiten-Smalø) Let
). It is called the Happel-Reiten-Smalø t-structure associated to t. We will denote its heart by H t . In next subsection we relax the hypothesis that D(A) has Hom sets, showing that the formation of H t from A and t is still possible sometimes.
3. Let D be a triangulated category with coproducts. An object X in D is called compact, when the functor D(X, ?) : D → Ab preserves coproducts. If S is a set of compact objects in D, then the pair
is a t-structure in D (see [KN, Theorem 12.1]) . A compactly generated t-structure in D is any one obtained in this way from a set of compact objects. We put aisle < S >:= ⊥ (S ⊥ ≤0 ), which is the smallest full subcategory of D that contains S and is closed under coproducts, extensions and non-negative shifts.
The Happel-Reiten-Smalø (HRS) tilting process
This process stems from the seminal work in [BBD] and was fully developed in [HRS] . In our treatment here we will work in a general framework, by allowing ourselves the freedom of working for the moment with big triangulated categories, i.e categories satisfying all axioms of triangulated categories, but where the groups of morphisms between two objects need not be set. Note that this is also the case in [HRS] since the authors work with the bounded derived category D b (A) of an abelian category, which need not have Hom sets in general (see [CN] ). This allows more flexibility for HRS tilting procedure and, increasing the universe if necessary, will pose no set-theoretical problems. This will involve the use of big abelian categories. In the rest of the paper we adopt the convention that the term category means a category with Hom sets. Whenever we allow Hom groups which are not sets we will use the term big category. So the expression 'is a category' will mean 'is a category with Hom sets'. The following result is the version for big triangulated categories of [Ma2, Proposition 3.1.1 and 3.1.4]. Recall that a t-structure τ = (U, W) is left (resp. right) nondegenerate when n∈Z U[n] = 0 (resp. n∈Z W[n] = 0), and it is called nondegenerate when it is left and right nondegenerate. Mattiello's proof is valid here and proves the result, except for the nondegeneracy of τ t .
Proposition 2.5. Let D any big triangulated category, let τ = (U, W) be a nondegenerate t-structure in it and denote by A its heart, which is then a big abelian category, and denote by H 0 τ : D −→ A be the associated cohomological functor. If t := (T , F ) is a torsion pair in A, then the pair τ t := (U t , W t ) given by the following classes is again a nondegenerate t-structure in D:
Proof. (of the nondegeneracy of τ t ) We clearly have that n∈Z U t consists of the objects X such that H k τ (X) = 0, for all k ∈ Z. The nondegeneracy of τ then implies that X = 0 (see, e.g., [NSZ, Lemma 3.3] , adapted to big triangulated categories). This gives the left nondegeneracy of τ t and the right nondegeneracy follows dually.
Definition 4. The t-structure τ t of last proposition is said to be the HRS-tilt of τ with respect to t. The HRS process in D is a 'map' Φ D defined on the class of pairs (τ, t), where τ is a nondegenerate t-structure in D and t is a torsion pair in the heart
The following is now a very natural question.
Question 2.6. In the situation of Proposition 2.5, assume that A has Hom sets. When is it true that also H t has Hom sets?
The following is the answer:
Proposition 2.7. Let τ = (U, W) be a nondegenerate t-structure in the big triangulated category D such that its heart A is a category. Let t = (T , F ) be a torsion pair in A. The following assertions are equivalent:
then the heart of τ n has Hom sets, for each n > 0.
(
An application of the cohomological functor D(M, ?) from D to the category AB of big abelian groups gives an exact sequence
Taking the triangle (*) with M instead of N and applying to it the cohomological functor D(?, T ), we obtain an exact sequence
is a set by the hypothesis on A. It then follows that D(M, T ) is a set.
Suppose that N = F [1] ∈ F [1] and apply D(?, F [1]) to the triangle of the previous paragraph. We get the exact sequence
Next we consider the tilted torsion pairt = (F [1], T ) in H t . Then, by [BBD] , we have that
which is a set due to the hypothesis on A. Replacing now A by H t in the equivalence of assertions 1 and 2, we get that the tilted t-structucture τ t with respect to t has a heart H t which is a category. The last statement of the proposition is then clear.
As a particular case, when the big triangulated category is D = D(A), where A is an abelian category, one can considers the canonical t-structure τ = (D ≤0 (A), D ≥0 (A)) as initial one. Its heart is A and the functor H k τ : D(A) −→ A is the classical k-th cohomology functor. As a direct consequence of last proposition, we get:
Corollary 2.8. Let A be an abelian category and let t = (T , F ) be a torsion pair in A. The following assertions are equivalent:
1. The heart H t is a category, i.e. with Hom sets.
Ext 1
A (T, F ) is a set (as opposite to a proper class), for all T ∈ T and F ∈ F .
The following is a consequence of last corollary for certain torsion pairs that will appear often in this paper (see Definition 6 below for the definition of the subcategories Pres(V ) and Copres(Q)).
Corollary 2.9. In the situation of last corollary, suppose that
Proof. The statement for Q is dual of the statement for V, so we just prove the later one. Let's take any T ∈ T = Pres(V ) and consider an exact sequence 0 → T ′ −→ V (I) −→ T → 0, with T ′ ∈ T , for some set I. If F ∈ F is any object and we apply the contravariant functor A(?, F ), we obtain the exact sequence
and an easy adaptation of an argument in the proof of Lemma 3.2 below proves that the canonical map Ext 1
is a set, for all T ∈ T and Corollary 2.8 applies.
This allows us a re-interpretation of the HRS process, where the map Φ acts instead on pairs (A, t), where A is an abelian category and t = (T , F ) is torsion pair in A satisfying the equivalent conditions of last corollary. Concretely:
Definition 5. A torsion pair t = (T , F ) in an abelian category A will be an adequate torsion pair when Ext 1 A (T, F ) is a set, as opposite to a proper class, for all T ∈ T and F ∈ F . We will denote by (AB, tor) the class of pairs (A, t) consisting of an abelian category A and an adequate torsion pair t in it. The Happel-Reiten-Smalø (HSR) tilting process is the map Φ : (AB, tor) −→ (AB, tor) given by Φ[(A, t)] = (H t ,t), where H t is the heart of the HRS tilt τ t of the canonical t-structure of D(A) with respect to t (see Definition 4).
In particular if, under the hypotheses of last corollary, we assume that Ext 1 A (T, F ) is a set, for all T ∈ T and all F ∈ F , then, by HRS-tilting iteration, one gets gets the following diagram of abelian categories, all of them with Hom sets, and torsion pairs:
The following is [HRS, Proposition 3.2] .
The torsion pair t is faithful (resp. co-faitful) if, and only if,t is co-faithful (res. faithful). In particular we have induced maps by restriction
denotes the class of adequate faithful (resp. co-faithful) torsion pairs.
The functor G is called the realization functor. The following proposition shows that in some cases the heart H t is equivalent to A[1].
Proposition 2.11. [HRS, Proposition 3.4 ] Let A be an abelian category and let t = (T , F ) be a torsion pair in A such that T is a cogenerating class. The following assertions hold:
1. If H t has enough projectives, then H t ∼ = A[1] via the realization functor;
2. If A has enough injectives, then H t ∼ = A[1] via the realization functor.
In particular, whenever A is a category with enough projectives or with enough
3 Projective and injective objects in the heart. Quasi-(co)tilting torsion pairs
Quasi-(co)tilting objects and torsion pairs
We need to introduce a few subcategories associated to an object.
Definition 6. Let A be an abelian category and let X and V be objects of A, where we asume that all (set-indexed) coproducts of copies of V exist in A. We will say that X is V -generated (resp. V -presented ) when there is an epimorphism of the form V (I) ։ X (resp. an exact sequence V (J) −→ V (I) ։ X) for some set I (resp. sets I and J). We will denote by Gen(V ) and Pres(V ) the classes of V -generated and V -presented objects, respectively. When Q ∈ Ob(A) is such that all products of copies of Q exist in A, we get the dual notions of Q-cogenerated and Q-copresented object, and the corresponding subcategories Cogen(Q) and Copres(Q).
Definition 7. Let A be an abelian category and let V be an object such that all coproducts of copies of V exist in A. We will say that an object X is Vsubgenerated when it is isomorphic to a subobject of an object in Gen(V ). The class of V -subgenerated objects will be denoted by Gen(V ). On the other hand, the class of objects on A which are isomorphic to direct summands of (resp. finite) coproducts of copies of V will be denoted by Add(V ) (resp. add(V )). Dually, when Q is an object such that all products of copies of Q exist in A, we define the concept of Q-subcogenerated object, with the corresponding class Cogen(Q), and the category Prod(Q) of objects isomorphic to direct summands of products of copies of Q.
Lemma 3.1. Let A be an abelian category and let X be an object such that all coproducts (resp. products) of copies of X exist in A. Then all coproducts (resp. products) of objects in Pres(X) (resp. Copres(X)) exist in A.
Proof. The result for Copres(X) is dual of the one for Pres(X). We just do the latter one. Let (T λ ) λ∈Λ be a family in Pres(X), fix an exact sequence
with sets J λ and I λ , for each λ ∈ Λ. We then get an induced exact sequence λ∈Λ X (J λ ) f λ −→ λ∈Λ X (I λ ) −→ Coker( f λ ) → 0. This gives the following commutative diagram of functors A −→ Ab, with exact rows:
where the left vertical arrow α exists by the universal property of kernels in Ab. By definition of coproducts, the two right vertical arrows are isomorphisms, which in turn implies that α an isomorphism. By Yoneda's lemma, for each µ ∈ Λ, the composition A(Coker( f λ ), ?)
where π µ is the projection, is of the form u * µ = A(u µ , ?), for an unique morphism u µ : T µ −→ Coker( f λ ). It immediately follows that Coker( f λ ) together with the morphisms (u λ : T λ −→ Coker( f λ )) is the coproduct of the T λ in A.
Lemma 3.2. Let A be an abelian category and let V (resp. Q) be an object in A such that all coproducts (resp. products) of copies of V (resp. Q) exist in A. If Gen(V ) ⊆ Ker(Ext 1 A (V, ?)) (resp. Cogen(Q) ⊆ Ker(Ext 1 A (?, Q))), then the class Gen(V ) (resp. Cogen(Q)) is a torsion (resp. torsionfree) class in A.
Proof. We will prove the assertion for Gen(V ), the one for Cogen(Q) following by duality. We start by proving that Gen(V ) is closed under extensions. Let 0 → T ′ → M → T → 0 be an exact sequence in A with T, T ′ ∈ Gen(V ). Now, let p : V (I) ։ T be an epimorphism, for some set I, and consider the following commutative diagram, where the right square is a pullback:
We claim that the upper row of the diagram is a split exact sequence. Indeed, the fact that Ext 1 A (V, T ′ ) = 0 implies that, for each j ∈ I, the j-th inclusion
When j varies in I, the universal property of coproducts yields a unique morphism g : V (I) −→ M ′ such that g • ι j = g j , for all j ∈ I. We then get that f • g • ι j = ι j , for all j ∈ I, which implies that f • g = 1 V (I) and settles our claim. Therefore we have that M ′ ∼ = T ′ ⊕ V (I) , so that M ′ ∈ Gen(V ) and, consequently, also M ∈ Gen(V ).
It is clear that the classes T := Gen(V ) and F := T ⊥ = V ⊥ satisfy condition 1 of Definition 1. On the other hand, for any A ∈ Ob(A), we may consider the canonical map ǫ A : V (A(V,A)) −→ A. This is the unique morphism such A) ) is the f -th injection into the coproduct, for all f ∈ A(V, A). Its image is usually called the trace of V in A and is denoted by tr V (A). We then get an exact sequence 0 → tr V (A) ֒→ A −→ A/tr V (A) → 0. We clearly have that tr A (A) ∈ Gen(V ). Moreover, we get an induced exact sequence of abelian groups 0 → A(V, tr V (A))
It then follows that A/tr V (A) ∈ V ⊥ = F , and so (T , F ) = (Gen(V ), V ⊥ ) is a torsion pair in A.
We are ready to introduce some types of objects which have special importance in the study of the heart of a t-structure. They are generalizations of corresponding notions in module categories.
Definition 8. Let A be an abelian category. An object V (resp. Q) of A will be called quasi-tilting (resp. quasi-cotilting) when all coproducts (resp. products) of copies of V (resp. Q) exist in A and Gen(V ) = Gen(V ) ∩ Ker(Ext 1 A (V, ?)). (resp. Cogen(Q) = Cogen(Q) ∩ Ker(Ext 1 A (?, Q))). The corresponding torsion pair t = (Gen(V ), V ⊥ ) (resp. t = ( ⊥ Q, Cogen(Q))) (see Lemma 3.2) is called the quasi-tilting (resp. quasi-cotilting) torsion pair associated to V (resp. Q).
When, for such a V (resp. Q), one has Gen(V ) = Ker(Ext 1 A (V, ?) (resp. Cogen(Q) = Ker(Ext 1 A (?, Q))) and this class is cogenerating (resp. generating) in A, we will say that V (resp Q) is a 1-tilting (resp. 1-cotilting) object. The corresponding torsion pair is called the tilting (resp. cotilting) torsion pair associated to V (resp. Q).
The proof of the following goes as in module categories (see [CDT, Proposition 2.1]).
Corollary 3.3. If A is an abelian category and V (resp. Q) is a quasi-tilting (resp. quasi-cotilting) object of A, then Gen(V ) = Pres(V ) (resp. Cogen(Q) = Copres(Q)).
The natural question of when a quasi-tilting (resp. quasi-cotilting) torsion pair has a heart that is a category, i.e. has Hom sets, has a clear answer:
Corollary 3.4. Let V (resp. Q) be a quasi-tilting (resp. quasi-cotilting) object of the abelian category A, and let t = (T , F ) the associated torsion pair in A. The following assertions hold:
The heart H t is a category (i.e. has Hom sets) if, and only if, Ext
2. If V (resp. Q) is a 1-tilting (resp. 1-cotilting) object, then Ext 2 A (V, ?) = 0 (resp. Ext 2 A (?, Q) = 0). One says that the projective (resp. injective) dimension of V (resp. Q) is less or equal than 1.
3. If V (resp. Q) is a 1-tilting (resp. 1-cotilting) object, then H t is a category, i.e. it has Hom set.
Proof.
(1) It is a direct consequence of Corollaries 2.9 and 3.3.
(2) We just do the proof for V , the one for Q being dual. Let 0 → M −→ X f −→ Y −→ V → 0 be an exact sequence in A, representing an element ǫ ∈ Ext 2 A (V, M ). Since T is a cogenerating class, we can fix a monomorphism µ : X T , with T ∈ T . By taking the pushout of µ and f we immediately get an exact sequence 0 → M −→ T g −→ T ′ −→ V → 0, where T, T ′ ∈ T , which also represents ǫ. But then ǫ = 0 since Im(g) ∈ T = Ker(Ext 1 A (V, ?)). (3) Let F ∈ F be any object. Using the cogenerating condition of T , we take an exact sequence 0 → F −→ T 0 −→ T 1 → 0, where T 0 , T 1 ∈ T . We then get an exact sequence of (in principle big) abelian groups
It then follows that Ext 1 A (V, F ) is a set, which, by Corollary 2.8, implies that H t has Hom sets.
3.2 When does the heart of a co-faithful (resp. faithful) torsion pair have a projective generator (resp. injective cogenerator)?
To answer the question of the title of this subsection we need a few preliminary results.
Lemma 3.5. Let D be a big triangulated category and τ = (U, W) be a tstructure in D whose heart A := U ∩ W is a category, i.e. it has Hom sets. Let t = (T , F ) be a torsion pair in A such that Ext 1 F [1] ) is a set (as opposite to a proper class), for all T ∈ T and all F ∈ F (see Proposition 2.7). The following assertions hold, where H t denotes the heart of the tilted t-structure τ t :
Proof. We just prove assertion 1 since assertion 2 follows by duality. We know that (F [1], T ) is a torsion pair in H t . The associated torsion radicalt and coradical (1 :t) act on objects as M t
where the right arrow is the inclusion functor. Each of the two functors in this composition has a right adjoint, which implies that H |Ht : H t −→ A has a right adjoint which is the composition
The importance of quasi-(co)tilting objects in the study of hearts of HRS t-structures stems from the following fact:
Proposition 3.6. Let A be an abelian category and let t = (T , F ) be a torsion pair in A. If H t is an AB3 (resp. AB3*) abelian category with a projective generator (resp. injective cogenerator) P (resp. E), then H 0 (P ) (resp. H −1 (E)) is a quasi-tilting (resp. quasi-cotilting) object and t is the associated quasi-tilting (resp. quasi-cotilting) torsion pair.
Proof. The statement for the injective cogenerator is dual to the one for projective generator. We just do the last one. Let P be as above and let P (I) denote the coproduct of I copies of it in H t . We warn that it might not coincide with the corresponding coproduct in D(A), if this one exists. By Lemma 3.5, we have an isomorphism H 0 (P (I) ) ∼ = H 0 (P ) (I) = V (I) in A, so that all coproducts of copies of V exist in A.
If T ∈ T is any object, then, due to the fact that P is a projective generator of H t , we have an exact sequence P (I) −→ P (J) −→ T [0] → 0 in H t . By last paragraph, we get an exact sequence H 0 (P ) (I) −→ H 0 (P ) (J) −→ H 0 (T [0]) = T → 0 in A. We then get that T ⊆ Pres(V ), the converse inclusion being obvious. So we have that T = Gen(V ) = Pres(V ).
Moreover, if we consider the short exact sequence 0 → H −1 (P )[1] −→ P −→ V [0] → 0 in H t and apply to it the long exact sequence of Ext * Ht (?, T [0]), we get an exact sequence
from which we get that Ext 1 A (V, T ) ∼ = Ext 1 Ht (V [0] , T [0]) = 0, for all T ∈ T . It then follows that T ⊆ Ker (Ext 1  A (V, ?) ), and so T = Gen(V ) ⊆ Gen(V ) ∩ Ker (Ext 1  A (V, ?) ). For the reverse inclusion, given M ∈ Gen(V ) ∩ V ⊥1 , there exist T 1 , T 2 ∈ T and an exact sequence in A as follows:
Since Pres(V ) = Gen(V ) = T , we can take an epimorphism q : V (α) → T 2 whose kernel belongs to T . Consider the following pullback diagram
Notice that Z is an extension of T 1 and the kernel of q, so that Z ∈ T . Taking into account that M ∈ V ⊥1 = Ker(Ext 1 A (V, ?)) = Ker(Ext 1 A (V (I) , ?)), for each set I = ∅. we get that the first row in the above diagram splits, so that M ∈ T .
A first lesson of last proposition is that, in order to identify torsion pairs whose associated heart is a Grothendieck category, one can restrict to the quasicotilting ones. The proposition also helps in the following answer to the title of the subsection:
Theorem 3.7. Let A be an abelian category and let t = (T , F ) be a torsion pair. The following assertions are equivalent:
1. t is a tilting torsion pair.
2. t is a co-faithful torsion pair whose heart H t is an AB3 abelian category with a projective generator. Proof. Note that in any of assertions (1)-(3) the class T is cogenerating in A. This is clear in assertions (1) and (2), and for assertion (3) it follows from Proposition 2.10.
(2) ⇐⇒ (3) is a consequence of this last mentioned proposition (= [HRS, Proposition 3.2]).
(1) =⇒ (2) Let V be a 1-tilting object of A such that t = (Gen(V ), V ⊥ ). We start by proving that V [0] is a projective object of H t , i.e. that Ext 1 Ht (V [0] , M ) = 0, for all M ∈ H t . But, taking into account the associated exact sequence (V, ?) ), then we have Ext 1 [BBD, Remarque 3.1 .17] and Corollary 3.4). Note that what we have done with V can be done with V (I) , for any set I = ∅. That is, the argument also proves that V (I) [0] is a projective object of H t , for all sets I = ∅, and hence for all sets I.
Lemma 3.8 below says now that the stalk complex
) is a faithful torsion pair due to Proposition 2.10. By the equality T = Pres A (V ), we then get that T [0] ⊆ Gen Ht (V [0] ), from which one immediately gets that H t = Gen Ht (V [0]) = Pres Ht (V [0] ). Applying now Lemma 3.1, we conclude that arbitrary coproducts exist in H t , so that this is an AB3 abelian category, with V [0] as a projective generator.
(2) = (3) =⇒ (1) By Proposition 3.6 we know that t is quasi-tilting torsion pair. Let V be a quasi-tilting object such that T = Gen(V ). Since t is cofaithful, i.e. T is a cogenerating class in A we get that Gen(V ) = A, which then implies that Gen(V ) ∩ Ker(Ext 1 A (V, ?)) = Ker(Ext 1 A (V, ?)), so that Gen(V ) = Ker(Ext 1  A (V, ?) ) and, hence, V is a 1-tilting object. For the final statement, the proof of implication (1) =⇒ (2) shows that if V is a 1-tilting object of A defining t, then V [0] is a projective generator of H t . It remains to prove that if P is projective generator of H t then P ∼ = V [0] for such a 1-tilting object. The proof of Proposition 3.6 and that of implication (2) =⇒ (1) show that V := H 0 (P ) is a 1-tilting object of A defining t. Then, by implication (1) =⇒ (2), we also know that V [0] is a projective generator of H t . It then follows that P is a direct summand of the coproduct in H t of I copies of V [0], for some set I. By Lemma 3.8 below, we then get that P is a direct summand of V (I) [0], which implies that H −1 (P ) = 0 and hence that
Lemma 3.8. Let A be an abelian category, let V be a 1-tilting object, let t = (Gen(V ), V ⊥ ) the associated torsion pair in A and let H t be the heart of the associated HRS t-structure in D(A). For each set I, the coproduct of I copies of V [0] exists in H t and it is precisely the stalk complex V (I) [0].
Proof. Let ι j : V −→ V (I) denote the j-th injection into the coproduct in A, for each j ∈ I. For each N ∈ H t we have an induced morphism γ N : N ) is the j-the projection.
Our task reduces to prove that γ N is an isomorphism, for all N ∈ H t . To do that we consider the exact sequence 0 → H −1 (N ) 
Note that, by the first paragraph of the proof of last proposition, we know that V (I) [0] is projective in H t , for all sets I. This gives the following commutative diagram with exact rows:
is clearly an isomorphism since it can be identified with the canonical map A(V (I) , H 0 (N )) −→ A(V, H 0 (N )) I , which is an isomorphism by definition of the coproduct V (I) in A. The task is further reduced to prove that γ H −1 (N )[1] is an isomorphism. But this latter map gets identified with the canon-
We just need to prove that γ ′ F is an isomorphism, for all F ∈ F . For this we use the cogenerating condition of T = Gen(V ) and, given F ∈ F , we fix an exact sequence 0 → F −→ T −→ T ′ → 0, with T, T ′ ∈ T . Bearing in mind that Ext 1 A (V (J) , ?) |T = 0, for all sets J, we get the following commutative diagram with exact rows, where the two left vertical arrows are the canonical isomorphisms induced by definition of the coproduct V (I) in A.:
It follows that γ ′ F is also an isomorphism as desired. Due to its importance, it is worth stating explicitly the dual of Theorem 3.7: Theorem 3.9. Let A be an abelian category and let t = (T , F ) be a torsion pair in A. The following assertions are equivalent:
1. t is a cotilting torsion pair.
2. t is a faithful torsion pair whose heart H t is an AB3* abelian category with an injective cogenerator. We have now the following sort of reverse consequence:
Corollary 3.10. Let A be an abelian category and let t = (T , F ) be a torsion pair in A. The following assertions hold: AB3 with a projective generator and t is a faithful torsion pair Proof. Obviously, each assertion is obtained from the other one by duality. We just prove assertion 2. By [HRS, Proposition 3.2] we know that T [0] is a generating class in H t , and, by [HRS, Proposition I.3 .4] and using the terminology of that article, we have that Φ[(H t ,t)] is equivalent to (A, t), in fact it is equal to (A[1], t[1] ). Moreover, by [HRS, Theorem 3 .3] we even know that D b (A) and D b (H t ) are equivalent triangulated categories. This allows us to apply Theorem 3.9, replacing A by H t and t byt in that theorem, to conclude thatt is a cotilting torsion pair in H t . The last statement is also a consequence of Theorem 3.9.
Hearts that are module categories
In order to study those hearts which are module categories, we need the following concepts:
Definition 9. Let A be an abelian category and T 0 be a set of objects such that arbitrary coproducts of objects of T 0 exist in A. We shall say that T 0 is:
1. a 1-tilting set when T ∈T0 T is a 1-tilting object;
2. a self-small set when, for each T ∈ T 0 and each family (T λ ) λ∈Λ in T 0 , the canonical map λ∈Λ A(T, T λ ) −→ A(T, λ∈Λ T λ ) is an isomorphism.
3. a classical 1-tilting set when it is 1-tilting and self-small.
When T 0 = {T } we say that T is, respectively, a 1-tilting, a self-small and a classical 1-tilting object.
The following is the version that we will need of a theorem of Gabriel and Mitchell:
Proposition 3.11. Let A be any category. The following assertions are equivalent:
1. A is equivalent to Mod − B (resp. Mod − R), for some small pre-additive category B (resp. some ring R);
2.
A is an AB3 abelian category that admits a self-small set of projective generators (resp. a self-small projective generator).
Proof. The equivalence for Mod − R is a particular case of the one for Mod − B, for B a small pre-additive category, since a ring is the same as a pre-additive category with just one object. The classical version of Gabriel-Mitchell theorem states that assertion 1 holds if, and only if, A is AB3 and has a set of small(=compact) projective generators (see, e.g., [Po, Corollary 3.6.4] ). We just need to check that in any AB3 abelian category, if P 0 is a self-small set of projective generators, then P 0 consists of small objects. Indeed, let (A λ ) λ∈Λ be any family of objects in A. For each λ ∈ Λ, we then have an exact sequence
for some sets I P,λ and J P,λ . Due to right exactness of coproducts, we then get an exact sequence λ∈Λ P ∈P0
If now P ′ ∈ P 0 is arbitrary and we apply A(P ′ , ?) to the last exact sequence, using the projectivity of P ′ and the self-smallness of P 0 we readily get that the
Corollary 3.12. Let A be an abelian category and let t = (T , F ) be a torsion pair in A. The following assertions are equivalent:
1. There is a classical 1-tilting set T 0 (resp. a classical 1-tilting object V ) such that T = Gen(T 0 ) (resp. T = Gen(V )).
2. t is a co-faithful torsion pair whose heart H t is equivalent to the module category over a small pre-additive category (resp. over a ring).
3. H t is equivalent to the module category over a small pre-additive category (resp. over a ring) andt = (F [1], T [0]) is a faithful torsion pair in H t .
(2) ⇐⇒ (3) is a consequence of Proposition 2.10.
(1) =⇒ (2) Since V := T ∈T0 T is a 1-tilting object it follows from Theorem 3.7 that V [0] is a projective generator of H t , which in turns implies that T 0 [0] = {T [0]: T ∈ T 0 } is a set of projective generators of H t . An easy adaptation of the proof of Lemma 3.8 shows that if (T λ ) λ∈Λ is a family in T 0 , then the coproduct of the T λ [0] in H t exists and is the stalk complex ( λ∈Λ T λ ) [0] . Given now T ∈ T 0 arbitrary, then we have a sequence of isomorphisms:
Ht λ∈Λ (T λ [0])). This morphism is then an isomorphism, which implies that T 0 [0] is a self-small set of projective generators of H t . By Proposition 3.11, we conclude that H t ∼ = Mod − A, for some small pre-additive category.
(2) = (3) =⇒ (1) Since, due to the co-faithful condition of t and Proposition 2.10, T [0] is a generating class in H t we get that any projective object of H t is in T [0]. Then any self-small set of projective generators of H t is of the form T 0 [0], for some set T 0 ⊂ T . By Theorem 3.7 and its proof, we get that t is the tilting torsion pair defined by the 1-tilting objectT := T ∈T0 T . It just remains to check that T 0 is a self-small set. But this is a direct consequence of the self-smallness of T 0 [0] since we have an equivalence of categories T ∼ = T [0] and coproducts in T and T [0] are calculated as in A and H t , respectively.
Universities of Padova and Verona. Interpreted in terms of the terminology of this paper, it goes as follows. Suppose that A is an abelian category and t is a classical tilting torsion pair in it. According to [HRS, Theorem 3 .3] the realization functor gives an equivalent of triangulated categories G :
On the other hand, by Corollary 3.12, we know that H t is a module category, actually via the equivalence of categories −→ D(A) as a left derived functor of T V . Note that RH V (A) (resp. LT V (M )) is a complex and not just an R-module (resp. an object of A). Concretely, due to the fact that Ext 2 A (V, ?) = 0, one actually has that RH V (A) has cohomology concentrated in degrees 0, 1, with H 0 (RH V (A)) = A(V, A) and 
Note that we then get induced equivalences of categories
−→ X whose quasi-inverses are necessarily
−→ F . This essentially gives the proof of the following generalization of Brenner-Butler's theorem (see [BB] ), due to Colpi and Fuller (see [CF, Theorem 3.2 
]):
Theorem 4.1. Let A be an abelian category, let V be a classical 1-tilting object in A and let R = End A (V ) the ring of endomorphisms of V . With the notation above, we have an equality of pairs (X , Y) = (Ker(T V ), Ker(T ′ V )), and this is a faitful torsion pair t ′ in Mod − R. Moreover, we have induced equivalences of
In addition, by the paragraphs above, the torsion pair t ′ is sent tot = (F [1], T [0] ) by the equivalence of categories Mod − R ∼ = −→ H t . Then, using Proposition 2.11, one gets the following initial result:
Proposition 4.2. [CGM, Corollary 2.4] A is equivalent to H t ′ , where t ′ is as above.
On the other hand, we have a dual situation, that is, starting with (Mod-R, s) a pair in (Mod ring , tor f aithf ul ). It then follows that R[1] is a 1-tilting object of H s (see Corollary 3.10) so that Φ[(Mod-R, s)] = (H s , s) ∈ (AB, tor tilt ). For this reason, the last result indicates that Question 1.3 for faithful torsion pairs in modules categories is equivalent to the question of when an abelian category A with a classical 1-tilting object is a Grothendieck category. This fact was exploited by Colpi, Gregorio and Mantese in [CGM] and, they obtained the first partial answer to the question 1.3.
Theorem 4.3. Let (A, t) ∈ (AB, tor tilt ) and we consider t ′ as above. Then, the following assertions are equivalent:
If t ′ is of finite type, then the previous conditions are equivalent to the condition that the functor T V • H V preserve direct limits.
On the other hand, in the same work [CGM] the authors gave necessary conditions for a faithful torsion pair in a module category to have a heart which is a Grothendieck category (see [CGM, Proposition 3.8] ).
Proposition 4.4. Let R be a ring and let t = (T , F ) be a faithful torsion pair in Mod-R. If H t is a Grothendieck category, then t = (T , F ) is a cotilting torsion pair.
This initial work by the italian algebraists ended with the following unpublished result of Colpi and Gregorio [CG] (see [Ma, Theorem 6.2] ).
Theorem 4.5. [Colpi and Gregorio Theorem] Let R be a ring, let t = (T , F ) be a faithful torsion pair in Mod-R and let H t be the heart of the associated Happel-Reiten-Smalø t-structure in D(Mod − R). Then H t is a Grothendieck category if, and only if, t = (T , F ) is a cotilting torsion pair.
The solution of the problem
The solution to the problem was given by the authors in [PS1] and [PS2] . We realized that the hard part of the problem was to deal with the AB5 condition on H t . This naturally led to a detailed study of direct limits in the heart. And, in order to understand those direct limits, it was a preliminary step to understand the behavior of the stalk complexes in the heart with respect to direct limits. For instance, using the previous result and Proposition 2.11, we immediately get a necessary condition for a positive answer in the case of a co-faithful torsion pair.
Lemma 4.7. Let G be a Grothendieck category and let t = (T , F ) be a cofaithful torsion pair. If H t is a Grothendieck category, then t is of finite type.
Proof. Suppose that H t is a Grothendieck category. Since G has enough injectives, from Proposition 2.11 we get that H t is equivalent to G[1] , via realization functor, where t = (F [1], T [0]) is the corresponding torsion pair in H t . Using assertion 4 of the previous proposition, we deduce that t = (T [1], F [1]) is a torsion pair of finite type in H t ∼ = G[1]. That is, we have that lim − →G[1] F λ [1] ∈ F [1], and this implies that lim − → F λ ∈ F due to the canonical equivalence G ∼ = G[1], which restricts to one F ∼ = F [1].
Another point of the strategy of the authors was to use the canonical cohomology functors H k : D(G) −→ G to approach the problem. In that way one gets sufficient conditions:
Proposition 4.8. [PS1, Proposition 3.4 ] Let G be a Grothendieck category and let σ = (U, U ⊥ [1]) be a t-structure on D (G) . We denote its heart by H σ . If the classical cohomological functors H k : H σ → Ab preserve direct limits, for all integer k, then H σ is an AB5 abelian category.
The following is now a natural question that remains open. Question 4.9. Given a Grothendieck category G and a t-structure σ = (U, U ⊥ [1]) in D(G) such that its heart H σ is an AB5 abelian category. Do the cohomological functors H m : H σ → G preserve direct limits, for all m ∈ Z?
The key point of Lemma 4.7, is the fact that H t is equivalent to G[1] . Recently, Chen, Han and Zhou have given necessary and sufficient conditions for such an equivalence to exist. After Question 1.3 was solved, as said in the introduction, it is Question 1.2 the one that has deserved more attention. So far the work has mainly concentrated on the case when the t-structure is compactly generated, in which case one can even assume that the ambient triangulated category D is compactly generated. This is due to the fact that L := Loc D (U), the smallest triangulated subcategory of D containing U and closed under taking arbitrary coproducts, is compactly generated and the restricted t-structure τ ′ = (U, U ∩ L) has the same heart as τ .
Using different techniques, as functor categories ( [AMV] , [Bo, Initial versions of the paper]), stable ∞-categories [Lurie] and the theory of derivators [SSV] , see also [PS3] and [Bazz] for particular cases, partial answers to the question in the compactly generated case were obtained. Joining all of them, it was in the ambient that, for all compactly generated t-structures appearing in nature, the heart is a Grothendieck category. The concluding result in this vein has been recently obtained independently in [Bo, version 7] and [SS] :
Theorem 5.1. ( [Bo, v7] and [SS] ) Let D be a triangulated category with coproducts and τ = (U, W) be a compactly generated t-structure. The heart H τ = U ∩ W is a Grothendieck category.
In the development via derivators of [SSV] , the new concept of homotopically smashing t-structure (with respect to a strong stable derivator) was introduced. We refer to that reference for the definition and to [Groth] for all the terminology concerning derivators. All compactly generated t-structures that appear as the base of a strong stable derivator are homotopically smashing. These last tstructures are always smashing, but the converse is not true. For instance the HRS t-structure is always smashing, but it is homotopically smashing exactly when the torsion pair is of finite type (see [SSV, Proposition 6 .1]). The following is a combination of [SSV, Theorems B and C] , and we refer to that reference for all unexplained terminology appearing in the statement:
Theorem 5.2. Let D : Cat op −→ CAT be a strong stable derivator, with base D := D(1), and let τ = (U, W) be a t-structure in D that is homotopically smashing with respect to D, then the heart H τ is an AB5 abelian category. When, in addition, D is the derivator associated to the homotopy category of a stable combinatorial model structure and τ is generated by a set, that heart is a Grothendieck category.
